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Motivation

DG methods for numerical simulations of complex geological systems
m Pros
m High order convergence (depending on regularity)
m Local conservation of physical quantities such as mass, momentum, and energy
= Nonmatching grids, hp-adaptivity
m Efficient use of memory hierarchy due to dense blocks
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Motivation

DG methods for numerical simulations of complex geological systems
m Pros

m High order convergence (depending on regularity)
m Local conservation of physical quantities such as mass, momentum, and energy
= Nonmatching grids, hp-adaptivity
m Efficient use of memory hierarchy due to dense blocks
m Cons

m Large number of degrees of freedom
= ill-conditioning and denser global matrix with increasing approximation order

/-\bb||dung CG vs DG (dofs for piecewise linear)
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Mathematical formulation for incompressible two phase flow

Domain Qe R?, de{1,2,3}. The unknown variables are the phase pressures py,, pn and
the phase saturations sy, sj,.

m Phases={w,n} m Model might include gravity,
m both phases incompressible,

: : m consider media heterogeneities.
= no dissolution.

The Darcy velocity for each phase is given by:

Darcy velocity

Ug = —AaK(Vpa_pag): a:{wan} (1)

where A, is the phase mobility, K is the permeability of the porous medium, p, is the
phase density, and g is the constant gravitational vector.

Phases mobilities

m Phases mobilities A, = A(s,) = 222, fh = Al )y =

where g is the viscosity and k4 is the relative permeability of phase a = {w,n}.
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Mathematical formulation

The balance of mass for each phase yields the saturation equation:

Balance of mass

0048
¢%+V-(pava) =paqa, a€{w,n} (2)

where ¢ is the porosity, g, is a source/sink term.

In addition to (2) and (1) closure relations must also be satisfied:

Sw+sp=1 (3)
Pn —Pw =DPc (4)

where p. = p.(sy) is the capillary pressure.
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Mathematical formulation

Wetting phase pressure/non wetting phase saturation formulation

The unknowns are p,, and s,,.

= V- (MK Vpy + A KVpe) = qu +qn (5)
0s
~¢—" = V- (MK Vpu) = qu (6)

Global pressure/nonwetting phase saturation formulation

The unknowns are p and s,,.
-V-(MKVp)=qu +qn (7)

0s
—¢a—: — V(AWK Vp = AnfuKVpe) = qu (8)

the global pressure p is defined by:

1-s,
P =Dn _f pré +pc(1—sur) (9)

—Snr
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Mathematical formulation

Pe-Pw formulation

=V -[(Adw + An)KVpy + AnKVpe — (0w Aw + pnAn)Kgl = qu +qn,

¥ (pe) (10)
t

%) P) =V [ K(Vpy — png)l =V [, KVpcl =qn.

Here g =Aa(pe), a€{n,w}.

Saturation can be computed at given position x: s,(x,t) = V(p.(x,1)).
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Mathematical formulation

Sp-pw formulation

Two coupled equations for py; sy :

=V [(Aw + 1)K Vpy + AnKVpe — (pwAw + pnAn)Kgl = qu +qn,

0s (11)

¢a—: = V[ K(Vpw — png)l - V- [AnKVpcl = gn.

Here ¢ is the porosity, K is the permeability and ¢, ¢, are source/sink term.

Non linearities

m Capillary pressure p. =pc(s,),

m Phases mobilities A, = 1,,(sp,) = W, An = An(sy) = %

where g is the viscosity and k4 is the relative permeability of phase a = {w,n}.





For the simulation of infiltration and remediation problems two additional difficulties can be mentioned.



Degenerate parabolic problems. Infiltration and remediation problems are often simulated on a smaller scale, e. g. the VEGAS.



In these cases capillary pressure is important, which adds a degenerate diffusion term to the saturation equation. 



Numerical methods must be able to accurately follow the resulting free boundary.
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Non linearities

=il 2+360

De(sn) =pdsez, )

2

280 2:0
krw(sew) = sewe ) krn(sen) = (Sen )2(1 -(1- Sen) o),
where the effective saturation s, is

Sa —Sra
Seg=——, Vac{w,n}
1-Smy—5m

Here s,q, @ € {w,n} are the phases residual saturations, 6 €[0.2,3.0] is the
inhomogeneity and pg =0 is the constant entry pressure.

(12)

(13)
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Boundary conditions & initial values

Boundary divided into disjoint open sets 3Q =TpuT;.

Boundary & initial conditions

sn(x,0) = s5(x), pw(x,0)=pYx) VxeQ (14)

Pwx,t) = pwp (x,1), sp(x,t) =sp,(x,1) Vxelp, (15)

pava -n=dalx,t), Jr= Y Ja Vxely (16)
ae{w,n}

Here J,, ac{w,n} is the inflow. Here n the outward normal to 6Q and Jg, a € {w,n} is the
inflow.
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_ B Previous Work on DG for Two-Phase Flow

m Bastian & Riviere 2004

m Global pressure / saturation formulation, splitting

m Implicit/explicit saturation(+limiters), H(div)-projection
Eslinger 2005

m Splitting: Implicit Pressure, Implicit/explicit saturation
Epshteyn & Riviere 2007

m Fully implicit, Fully-coupled approach, pw; sn formulations
= no media discontinuities, no gravity, very coarse grids

m Kloefkorn 2009

m Compact Discotinuous Galerkin method
= IMPES

m Ern, Mozolevski, Schuh 2010
m Splitting, global pressure, implicit saturation, H(div)-projection
m Media discontinuities, 1D, no gravity

m Bastian 2013

m Fully- coupled, higher-order in time, pw; pc formulation,
m Media discontinuities, 1-3d
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DG Finite element space

Domain Q is subdivided into a partition 97 = {E} consisting of N}, elements.

DG Finite element space

The discontinuous finite element space is:
2:(T3) = v el%(Q) :vjg e P(E) VE € I3}, with P.(E) the space of polynomial functions
of degree at most 1<r on E.

m r, for the pressure, m 7, for the saturation.
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Jump & Weighted average operator

Different types of domain can meet closely and cause large jumps in permeability.

Abbildung: Average & Jump

Abbildung: Two neigboring cells

Jump & Weighted average operators

The jump is:

[Pl =pE, —PE,. (17)
The weighted average: D)o = WE,DE, +WE,DE,. (18)
Here ug, = 571% and og, :ﬁ% with s71 =nTkg,n, and 652 =nTKg ne, Kz, and kg, are the
K K K K

absolute permeabilities for £; and &,.




SimTech_

Cluster of Excellence

Universitat Stuttgart

Semi discrete formulation

The semi discrete weak formulation consist in finding the continuous in time
approximations py, 4 (-,t) € Dy, (I1), spp(-,t) € 2 (T3) such that:

Semi discrete weak formulation

BrOwpsSnp,0) =) YveED, (Tp), Vie £,

19
(POssp p,2) +Cp(Pw hiSnp,2) Hdp(spp,2) =rp(2)  Vze€D,(T}), Vie £. (19)
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Semi discrete formulation

The semi discrete weak formulation consist in finding the continuous in time
approximations py, 4 (-,t) € Dy, (I1), spp(-,t) € 2 (T3) such that:

Semi discrete weak formulation

BrOwpsSnp,0) =) YveED, (Tp), Vie £,
(POssp, 1,2) +Ch(Pw h3Snpy2) +AR(Spp,2) =Tp(2)  V2€2D,(T}), Ve £.

The bilinear form 28y, in the total fluid conservation equation (19) is expressed as:

%h(pw,h;sn,h’ v) = %bulk,h + %cons,h + e-O'Bsym,h + gastab,h- (20)
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Semi discrete formulation

The semi discrete weak formulation consist in finding the continuous in time
approximations py, 4 (-,t) € 2y, (I3), $pn(,t) € Dy (T1) such that:

Semi discrete weak formulation

BrOwpsSnp,0) =) YveED, (Tp), Vie £,

19
(POssp, 1,2) +Ch(Pw h3Snpy2) +AR(Spp,2) =Tp(2)  V2€2D,(T}), Ve £. (19)
The bilinear form 28y, in the total fluid conservation equation (19) is expressed as:
ggh(pw,h;sn,m v) = %bulk,h + ggcons,h + gZsym,h + e-O'Bstotb,h- (20)

The first term By, of (29) is the volume contribution:

Boulk,h, = Boutk h PwpsViSnp) = ) f (AMEVPyw p + AnKVPe = (pnAn + puwAuw)Kg) - Vu.  (21)
EeTy,
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Total fluid conservation equation
%h(pw,h;sn,h,v) = e%bulk,h + '%cons,h + e%sym,h + ggstab,h = lh(v)-

The second term B.us 1, is the consistency term:

%cons,h = @cons,h(pw,hav;sn,h) == Z {AtKva,h}w nefv]

h h Je
eel™ul)

- Z {/anVpc,h}w “ne[v] (22)

h h Je
eel™ul’)

+ Y [ {pnAn + PwAw)Ke)w - nelv].

h h Je
eel™ul’)
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Total fluid conservation equation
%h(Pw,h;Sn,h,U) = e%bulk,h + '%cons,h + %sym,h + ggstab,h = lh(v)-
The second term B.us 1, is the consistency term:

%cons,h = *@cons,h(pw,hav;sn,h) == Z {AtKva,h}w nefv]

hyTh Y€
eel™ul)

- Z {/anVpc,h}w “ne[v] (22)

eelhuTh ¢
+ Z {(pn/ln + pw/lw)Kg)}w ‘N IIU]]
eelhuTh ¢
The third term %y, 1, is the symmetry term. Depending on the choice of € we get
different DG methods (e = -1 SIPG, e =1 NIPG, ¢ =0 IIPG):

ggsym,h = e%sym,h(pw,haU;sn,h) =€ Z {Atva : ne}w IIpw,h]]

h h Je
eel™ Ul

+e Z {AnKVU R}y Hsn,h]]'

hyTh Je
eel™ Ul
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Total fluid conservation equation

f%h(pw,h;sn,h,v) = %bulk,h + '@cons,h + %sym,h + %stab,h = lh(v)-

The last term Bgqp 1, is the stability term:

%stab,h = %stab,h(pw,hav) = Z YS [pwrllv]. (24)

eeThur? €

We use in this work, unless specified otherwise, the following penalty formulation.

¢, Perd=Dlel

> 25
Pmin(E-|,|E+ ) P (25)
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%h(pw,h;sn,h,v) = e%bulk,h + %cons,h + %sym,h + f%stab,h =1, ).

The right hand side of the total fluid conservation equation (19) is a linear form
including the Neumann and Dirichlet boundary conditions and the source terms.

lh(v)=f(qw+qn)v— > thv+e Y | MEVv-nepp
Q e

ecl’ nJe
N eeFD

(26)
+€ Z AR VU -nesp + lLsiap, Vv €Dy, (Tp).
eEI“;’) €
Here 445 (v) is the stability term for the linear form:
lstap(v) = Z bpv (27)

h e
eeFD



“

(N . — et
» lans- Cluster of Excelle:

NMH ..

v

SimTech Universitat Stuttgart

Phase conservation equation
(DOs8p p,2) +Ch(Dw s Sn py2) +di(spp,2) =rp(z)  Vz€D,(Tp), Vie £.

The convection term —V-(1,K(Vp,, — p,g)) might be approximated by an upwind
discretization technique.

chPwhsZ5Snp) = ) f KAa(Vpwp —png)-Vz— Y. [ {EAEVD, plo nel2]
Eeg;'E eeThurh e
(28)
+ Y | {onKAgly nelel+e Y. | {KAEV2Y, nelpwal

h h Je h h Je
ecl™ Ul eelUly,



)]

i 1ans ¥
NMH ...

=

t Universitat Stuttgart

Phase conservation equation
(DOssp p,2) + (D piSnp.2) +Anspp,2) =rp(2)  Vz€D, (Tp), Vie 2.

The convection term —V-(1,K(Vp,, — p,g)) might be approximated by an upwind
discretization technique.

chPwhsZ5Snp) = ) fE KAa(Vpwp —png)-Vz— Y. [ {EAEVD, plo nel2]

EeTn eeThurh Ve
(28)
+ Y | {onKAgly nelel+e Y. | {KAEV2Y, nelpwal

eelhuTh ¢ eeThuTh 7€
where A* = (1- f)A,z + BAL and A} is the upwind mobility:

)Ln,EJ, if —K(Vpy +Vpe— png) - n=0,

VeedE_NOE,, Al =
Mg else.

Hence depending on the value of §€{0,1}, we might use central differencing or
upwinding of the mobility for internal interfaces.
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Phase conservation equation
(POssp p,2) +ChPuw pSnps2) +dp(s, p,2) =rp(2) Vz€D,(T}), Vi€ £.
The diffusion term —V-(1,KVp,) is discretized by a bilinear form similar to that of (29).
dbtonp?)= T [ AaKVpop Vo= ¥ [ Vpeplo-nelel

EeT, eelhuTh ¢

(29)
te€ Z {AnKVz}, - ne [snnl+ Z Yz [sn,nllz1.

h h Je h h e
eel™UTy, eel™UT,
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Phase conservation equation
(POssp p,2) +ChPuw pSnps2) +dp(s, p,2) =rp(2) Vz€D,(T}), Vi€ £.
The diffusion term —V-(1,KVp,) is discretized by a bilinear form similar to that of (29).

dpsnp2)= ¥ fE MK Vpen - Ve— Y [(aKVpesto nelzl

EeT, eelhuTh ¢

te€ Z {AnKVz}, - ne [snnl+ Z Yz [sn,nllz1.

h h Je h h e
eel™UTy, eel™UT,

(29)

The right hand side r;, includes the Neumman and Dirichlet boundary condition and the
nonwetting source term.

rh(z)zf qnz — Z Jpz+e Z A KVz -n.pp
Q

ecl’, Ve eel—‘g e

(30)
+e Z A KVz - nepc(sp) + Z yzstz, Vz €2, (Tp).
ecTh V€ el e
where: 1
s_ o plp+d-1)|e]| (31)

= = 0.
Ye = o in(E_ L ES ) &7
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Fully discrete formulation

Application of Backward Euler time discretization and Interior Penalty DG for space
discretization to the system of PDE,s for the coupled equations (19) - (19) yields:

Fully discrete formulation

Bl s 0 =), Vv e, (Tp), (32)
3i+1 —si
(@ n,hAt n,h z) +Ch(p;';}1l, Z"]:,z) +dh(sn h ,z) = "h(z), Vze @rs(g;z), (33)

(59,0 P) = (s2,0), Y P€D, (Th). (34)
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m Stationary convection-diffusion equations
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m A posteriori error estimation for pure diffusion

m Schoetzau & Zhu (2009, 2011), Ern et al. (2010)
m Stationary convection-diffusion equations
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m Karakashian & Pascal (2003)
m A posteriori error estimation for pure diffusion
m Schoetzau & Zhu (2009, 2011), Ern et al. (2010)
m Stationary convection-diffusion equations
Cangiani, Metcafe & Georgoulis 2013

m non-stationary convection-diffusion problems
m L2(HY +L°(L2) type norm

Sun & Wheeler (2005)

m coupled diffusion and advection dominated transport
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=

m Karakashian & Pascal (2003)
m A posteriori error estimation for pure diffusion

m Schoetzau & Zhu (2009, 2011), Ern et al. (2010)

m Stationary convection-diffusion equations
Cangiani, Metcafe & Georgoulis 2013

m non-stationary convection-diffusion problems

m L2(HY) +1°°(L2) type norm
Sun & Wheeler (2005)

m coupled diffusion and advection dominated transport
Vohralik & Wheeler (2013)

m general abstract framework,
m a posteriori estimates for immiscible incom- pressible two-phase flows in porous
media.
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Challenge: Develop efficients implementation with DG on a sustainable framework.

[ Dune-Fem-twophaseDG }

l m Built on top of Dune-Fem

m user-friendly implementation,
m profit from many features,

e I ~ m DG discretization spaces,

. . m efficient solvers and grids,
Dune-Grid Dune-localfunctions Dune-Istl . .
m support for parallelization

~~— l _— and adaptivity.

Dune-Common

Quns Bl Dune— .-
Distributed and Unified Nli¥erics Environment 4 T

Dune-Fem
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71111007077,
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I'e

I's

Abbildung: Geometry and boundary conditions for the DNAPL infiltration problem

Ty Jp=-0.075, Jpy =0
Ty J, =0.00, J, = 0.00

Ts Jw =0, J, =0.00

TzULw | pw=(0.65-7)-9810, s, =0

Qiens O\Qyens
@[] 0.39 0.40
EIm?] | 6.64x10716 | 6.64x 10711
Swr [[] ] 0.1 0.12
S, [] | 0.00 0.00
6 [] 2.0 2.70
pa [Pa] | 5000 755

Tabelle: Parameters

Tabelle: Boundary conditions
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2d infiltration problem

| —Lag Dega Cs=1e-3
— Lag Degl Cs=le-2

08

0.74

0.6

05

4 Saturation o
% 0 02 0.4 06
't
o
9

AbBifdung: DNAPI saturation distribution
after 2000 s (left), leaf grid (right). CE o @ o
Polynomial order p = 3.

Abbildung: Comparison of non-wetting-phase
saturation at T=2000 s. Left, profile along the
line ((0,0);(0.45,0.65)). Right, profile along the
line x=0.45 m.
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3d infiltration problem

TN = (0.375,0.625)2

Q Qo Q\Q1 N Q\Qy
: 1[m] @[] 0.39 0.39 0.40
" E[m?] | 6.64x10716 | 6.64x10715 | 6.64x 101
, Suwr[-] | 0.1 0.1 0.12
S, [-] | 0.00 0.00 0.00
‘%j 0[] 2.0 2.0 2.70
pa [Pa] | 5000 5000 755

Q1 =(050.75)x(0.25.0.75)x(0.6.0.8)
Q5 =(0.25,0.75)%(0.25,0.75)x(0.2,0.4)

Abbildung: 3d problem parameters

Abbildung: Geometry of the domain for
the 3d DNAPL infiltration problem
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3d infiltration problem

065
— Saturaton

06
0554

05

z satration

EAEETEN
!
oobors

Abbildung: Contour plot of saturation distribution after 3600 s of injection with 0.25
Kg s7'm™2 of DNAPL in a depth of 1 m (left column), leaf grid (center column) and
saturation profile along the line ((1,0.45,0);(0.45,0.45,1))(right column).
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Saturation

o 02 Lol \0'4
-0.0184 0.59

Abbildung: 3d-Problem: Saturation distribution after 3000 s of injection with 0.25 Kg s™1m 2
of DNAPL. Unstructured mesh. Polynomial order p = 1.
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Test case with analytical solution

We consider a system of partial differential equations with known exact solution.

Problem
Considering Q =(0,1)? and J =(0,T), find (p,s) such that

V- AM®KVP)=0  inQxdJ (35)
(,b%—V{—eVs +f(9)As)KVp) =q in QxdJ (36)

with A(s) =(0.5-0.2s)"1, €=0.01, f(s) = s, where q = 27esin(m(x1 +x9 — 2¢))

Boundary & Initial conditions

0.2
plx,y,t) = - cos(mx+y—2¢t))—0.5(x +y), s(x,y,t)=sin(m(x+y—2t)) V(x,y,t)€0QxJ

ple,y,t) = % cos(mx+y—2t))—0.5(x +y), s(x,y,t)=sin(m(x+y—2¢) V(x,y,t)eQ
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Test case with analytical solution

AvgNbaots | MaxNbeos | Ip —prllzzy | Is —snlzza
AvgNbaoss | MaxNbaos | Ip —ppliza) | Is =snlz2g) 722 960 1.4102 4.64 1072
-2 -2
665.15 792 1.110 4.7 10 2583.1 3108 485410° | 3.2910°2
1944.47 2570 4.941073 2.87 1072
3483 4624 3.711073 262102

Tabelle: ernbovo algorithm (200 time steps, T=0.2 [s], Newton

tol le-6, residual tol le-7)
Tabelle: TyPePARAM algorithm (200 time steps, T=0.2 [s],

Newton tol 1e-6, residual tol 1le-7)
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Abbildung: Saturation profiles at 7'=0.2 Abbildung: Polynomial degrees at T'=0.2
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Abbildung: 3d-Problem: hp adaptive 3d problem mesh.Max polynomial order p



. SimTech
‘x1ans-x e CTuster of Excellence

~ 144 NMH ..
N In summary

niversitat Stuttgart

m Fully-coupled discontinuous Galerkin (DG) method for incompressible two-phase
flow with discontinuous capillary pressure,

m no post-processing of the DG velocity field in contrast to results for decoupled
schemes

m Interior Penalty DG formulation,
m Weighted averages,

m h, p and h-p adaptivity,

m Higher order polynomials up to piecewise cubics are implemented.
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Thank you for your interest!
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