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Overview DuMuX

e DuMu*: DUNE for Multi-{Phase, Component, Scale, Physics, ...} Flow and
Transport in Porous Media /\/Eil\—/lix
e Development started 2007

Based on DUNE

Distributed and Unified Numerics Environment

www.hydrosys.uni-stuttgart.de
[ J

e Currentrelease: 2.9 (March 2016, git repository)

 Recently started to use opm-grid (corner-point grids), “straight forward”
because of the dune grid interface

* Interesting for us: using other opm modules like upscaling ...
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Why nonlinear Finite Volume Methods?

Desirable features:

accuracy ) locally mass

\ conservative

discretization efficiency ) * sparse matrices

MPEA \ - unstructured

Mixed Finite Element grids

. L . flexibility ) « anisotropic,
Mimetic Finite Difference \ /' heterogeneous

tensors
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Why nonlinear Finite Volume Methods?

Desirable features:

* locally mass
conservative

* monotone

« extremum
principles

accuracy )

N

discretization efficiency ) * sparse matrices

MPEA \ - unstructured

Mixed Finite Element grids

. L ) flexibility ) « anisotropic,
Mimetic Finite Difference \ .‘

heterogeneous
Nonlinear Schemes tensors
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ldea of flux calculation

Flux Approximation: (elliptic equation)

—V - (KVp) =q¢q — —f (KVp)-ndS:/qu
oV Vi

K=K’ d=Kn — —Z/Vp-ddS:/qu
Vi

ok g

www.hydrosys.uni-stuttgart.de

For each cell face o C OV approximate the fluxes

—lo|lVp-d, d:=K-n
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ldea of flux calculation for homogeneous
permeability tensor

fi=—lo|lVp-d, d:=K-n

conormal decomposition:

www.hydrosys.uni-stuttgart.de

K-n
kc '/
n
; J
g
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ldea of flux calculation for homogeneous
permeability tensor

()
A f1=—lo|(a1(p; —pi) + )
@ conormal decomposition:
2
o K -1
F, e '/
n
(} tl J
g
o °
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ldea of flux calculation for homogeneous
permeability tensor

f1=—lo| (Qfl(pj —pi) + as(pr —pi))

conormal decomposition:

www.hydrosys.uni-stuttgart.de

K -n
ke '/
to n
1 tl J
a
o °
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ldea of flux calculation for homogeneous
permeability tensor

fi=—lo|(ai(p; —pi) + olpr — i) fo = —lo| (B1(pi — pj) + B2(pi — pj))
conormal decomposition: o, 5 >0 <averaging>
K-n
Fe '/ . y
tg n —1n
it J A J
o) g | t3
i ° / i’l
—K:n
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Averaged Flux Approximation

—  fo = p1f1 — Hafo, pr+pe=1, 0<pu;,p <1

= o| (11 (oa + a2) + p2f1) pi
— o] (2 (B1 + B2) + pra) p;
—|o| (uraopr — peBapr)

Possible choice: i1 = g = 0.9

Averaged Multi-Point Flux Approximation: AvgMPFA

June 1st, 2016 OPM Meeting
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Germany
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Averaged Flux Approximation

—  fo = p1f1 — Hafo, pr+pe=1, 0<pu;,p <1

(p1 (a1 + @) + 1) pi
— |o| (p2 (B1 + B2) + piaa) p;
{

[10p). — ﬂ262pl) *  Le Potier, C. (2005). ,Finite volume

monotone scheme for highly
A anisotropic diffusion operators on
é 0 unstructured triangular meshes.”

www.hydrosys.uni-stuttgart.de

* Danilov, A. A., & Vassilevski, Y. V.
_ o _ (2009). “A monotone nonlinear finite
= fo = t1(pr, )i — ta(pr, P1)P; volume method for diffusion
equations on conformal polyhedral
meshes.”

Nonlinear Flux Approximation: NLTPFA
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1n;;
n °
Di 7 Dj
K@ g Kg
L4 °
| | . _ Gipitcp;

Harmonic Averaging Point:  Po = Ci 4+ c.
? J

C; X; + Cij —+ (Kz — Kj)nz-j

Ci—|—Cj

X, =

June 1st, 2016 OPM M

n;; - K;-ny
y G =

° °
n;;
Die ]_jo' P
ag
Kj "1y
¢ °

Agélas et al., "A nine-point finite volume scheme for
the simulation of diffusion in heterogeneous media."

n;; - K;-ny

e;ng dist(x;, o)

y, Cj =

dist(x;,0) 1
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Xoo
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Generalization of conormal decomposition

Xoo

www.hydrosys.uni-stuttgart.de

min F() A = (Xo, =X Koy —Xc)
aeRNF

subjectto d, = A«

Za" Fla) =) o

example:

June 1st, 2016 OPM Meeting 14
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Generalization of conormal decomposition

Xoo

www.hydrosys.uni-stuttgart.de

min KY+F(CL’) A:(Xal_XCs"'axaNF_Xc)
y>0, acRNF
: example:
subjectto d, = Aa
: 7 Fla) =Y a,
Zaf,; >C, =Y
k >> F(a)

— |f 7Y > 0 then there exists no conormal decomposition with only positive coefficients

June 1st, 2016 OPM Meeting 15
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Modification of nonlinear TPFA

fo = ti(pr, p2)pi — ta(pr, p2)p;
—H1AL + p2A2

—:R.=0

M=) kgpi, A= ) aup;.

— RJZO, if)\l)\2>0

. R,|+ R
1f)\1A2<OI a:(t _|_‘ o a) )
f 1(”%”2) 2(pz+5) p

o t( )_|_’R0|_Ra _
P e )
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Literature overview NLTPFA

Existing results in literature:

« proof of monotonicity

convergence behavior for elliptic equation (numerically)

(second order for pressure, first order for flux)

www.hydrosys.uni-stuttgart.de

Focus of this talk:

comparison with commonly used linear schemes

iInfluence of additional nonlinearity due to nonlinear flux approximation
« challenging grids

e complex physics

June 1st, 2016 OPM Meeting
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Monotonicity
-V - (KVp) =0, Q=10,1] x[0,1],

<l Setting:

g p=70 unstructured grid
o p=10° =

 Hl |

% ¥ &

-

June 1st, 2016 OPM Meeting 18



g- Tu? Institute for Modelling Hydraulic and Environmental Systems
<,~|-H Dept. of Hydromechanics and Modelling of Hydrosystems po—

Monotonicity
NLTPFA (nnz 192544) AVgMPFA (nnz 192544) TPFA (nnz 132800)

University of Stuttgart

Germany

9.95e+04 9.96e+04 9.91e+04

5.11e+04

4.97e+04 4.95e+04

uni-stuttgart.de
HHMH\HH =

mwlu\llrlm i~
HHMH\HH =

MPFA-L (nnz 185883) nnz 238372) BoXx (nnz 241152

p
f

1.03e+05 1.07e+05 1.00e+05

5.36e+04 5.11e+04

HH\MHH“ =

[N}

mtllr\llmm =

-1.30e+03
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Monotonicity
NLTPFA AvgMPFA ~2.5%

9.95e+04 9.96e+04 9.91e+04

4.97e+04 4.95e+04

\\\|\\\Im =

mlrlhwmm =
mlrlhwmm =

-2.48e+03

ydrosys.uni-stuttgart.de

MPFA-L ~3% MPFA-O ~/% Box ~2.2%
1.00e+05

5.36e+04

\H||||\m =
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Properties of NLTPFA

« second order accuracy for pressure, first order for flux (numerical results)

¢ monotonicity

www.hydrosys.uni-stuttgart.de
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Challenging grids (corner-point grids)

 curved faces

« degenerated points

www.hydrosys.uni-stuttgart.de

« degenerated faces
e non-convex cells

« centroid outside of cell

* non-matching grids

opm-grid

June 1st, 2016 OPM Meeting 22
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Example: non-matching grid

Setting:

: 3 1 0
g Ki=1[1 3 0
- 0 0 1
5 10 3 0
F, Ko=(3 1 0
: 0 0 1

7 77TTTTIT] p1=633—|-1.6y—|—4a:y—2y2+z+1,4
/ST
TS AT

po=a+2.8y+ 2y —2y° + 2+ 4.4
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Example: non-matching grid

Pex ‘pex_ph ‘
8.32 3.6e-03
E E2.7e—03
=5.92

=£1.8e-03
-8.9e-04
5.1e-06

LIFLETT

E].]Z

www.hydrosys.uni-stuttgart.de

|pex_ph ‘ |pex_ph |

9.8e-04 2.7e-04
Ej.Se—Od EQ.Oe—OA
§4.9e-o4 _1 3e-04
24604 67605
EQ.Ae—OB E2.3e—09

Juﬁe’nst, 2016

OPM Meeting E’&
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Example: non-matching grid

ep =2.74-1074

‘pex_ph ‘
3.6e-03

-2.7e-03
=1.8e-03
-8.9e-04
5.1e-06

www.hydrosys.uni-stuttgart.de

|pex_ph ‘

|pex_p h |
9.8e-04 2.7e04
E:7.36—O4 E2.06—04
—%4.96—04 —21 3e-04
22 4e-04 g6.7e-05
E9.46—08 EQ.SG—OQ

Juﬁe’nst, 2016

OPM Meeting E’&
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Example: corner-point grid
Setting:

bm

« Cell volumes differ by five orders of magnitude
« optimization: approx. 7% of cells with negative coefficients

opm-grid

June 1st, 2016 OPM Meeting

21778 cells

Germany
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Example: corner-point grid
Setting:

bm

« Cell volumes differ by five orders of magnitude
« optimization: approx. 7% of cells with negative coefficients

opm-grid

June 1st, 2016 OPM Meeting

Germany

p=1-10°Pa
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Example: corner-point grid

o exact

% pexact

j E2.Oe+05
>

H({) E] .7e+05
g —1 .5e+05
% E‘] 3e+05
o 1.0e+05
©

>

<

linear TPFA nonlinear TPFA

P 4
2.0e+05 2.0e+05
EJ 7e+05 EJ 7e+05
“1.56+05 _1.56+05
1 26+05 1.36+05
1.0e+05 E] .0e+05

June 1st, 2016 OPM Meeting
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Example: corner-point grid

2 exact

g pexact

jo) E2.Oe+05
> =

+‘.7’ E] .7e+05
g —1 .5e+05
% E‘] 3e+05
o 1.0e+05
©

>

<

linear TPFA nonlinear TPFA

|pe:cact_ptpfa| |pemact_pntpfa|

8.8e+03 1.0e+00
E6.6e+03 E¢7.8e—01
é4.4e+03 25.26-01
—2.2e+03 ~2.6e-01
t2.5e-04 t1 2e-09
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Example: corner-point grid

exact

pexact
E2.Oe+05

'1.7e+05
“1.56+05
“1.3e+05
E] .0e+05

www.hydrosys.uni-stuttgart.de

linear TPFA nonlinear TPFA

|pe:cact_ptpfa| |pemact_pntpfa|

8.8e+03 1.0e+00
E6.6e+03 E¢7.8e—01
é4.4e+03 25.26-01
—2.2e+03 ~2.6e-01
t2.5e-04 t1 2e-09
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Example: corner-point grid

exact
exact

P
2.0e+05
E; 7e+05
~1.5e+05
1.3e+05
E] .0e+05

www.hydrosys.uni-stuttgart.de

linear TPFA

nonlinear TPFA

|pe:1:act_ptpfa| |pemact_pntpfa|

8.8e+03 1.0e+00
E6.6e+03 E7.8e—01

54.4e+03 25.26-01

~2.2e+03 2.6e-01
E2.5e-04 E1 2e-09

June 1st, 2016 OPM Meeting 31
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Example: corner-point grid

PERMX (mD) 0]

(0] 1.08e+03 0.329
ge! E E

@ 81256 0.269
2
3 “542.04 0209
i -0.149
= Ezﬂ 53 E

2 0.0882
2 1.01

(7))

o
©

>
<
§ nonlinear TPFA

Py
E2.00e+05

1.75e+05

-1.50e+05

E] 25e+05
1.00e+05
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Example: corner-point grid

nonlinear TPFA

www.hydrosys.uni-stuttgart.de

4 ==z-z-IZ° -
‘Sw S
u
0.90
Eo 67 £
20'45 07
c 205
£0.22 -
; 0.3
0.0

T

opm-grid
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Properties of NLTPFA

« second order accuracy for pressure, first order for flux (numerical results)

e monotonicity

« handling of complex grids like corner-point grids

www.hydrosys.uni-stuttgart.de
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Comparison of different schemes

Setting:
o _ 5
2 Pw=2-10"Pa  po fow unstructured grid
g Sy = 1 J
(@) w
B 5
iy
&
>
2
5
% Sw,init =0 éb
z J\vw =0 -
h 100 m "y = 151073 m
n 1460 s

Incompressible two-phase flow
no gravity
no capillary pressure

June 1st, 2016 OPM Meeting 35
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Comparison of different schemes

Setting 1: Setting 2:
S
= logk log,k
= -8.79 -7.51
% E_-q.zn E—8.42
= 100 9.7
% E E
2 E-m.a E-]O.s
S
% 11.3 117
% . ermeability distribution .
Setting 3: P y Setting 4:
log ok log,,k
-8.00 -8.03
E——Q 52 E—'Q']S
= 10
--10.6 :
E-H.z
116
122 12,1
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Comparison of different schemes

Setting 1: Setting 2:

www.hydrosys.uni-stuttgart.de

Setting 3: NLTPFA solution Setting 4:
similar results for

w all schemes: S

1.0 1.0
Ezm AvgMPFA Lo
050 BoX -0.50
0.25 TPFA 0.25
- MPFA-L ko

MPFA-O
June 1st, 2016 OPM Meeting 37
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Comparison of different schemes

1260 ¢
[}
£ -+-NLTPFA
S 1240 -+ AvgMPFA
% -+ MPFA-L
5 o 1220 | MPFA-O
% = -©-BoXx
§ § 1200 | ©-TPFA
= =
% @]
< 1180
[
2 1160
1140:
1120 | | '
1 2 3 4

setting
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Comparison of different schemes
_ X Atiy/m1(Ji)reo (34)

K
5 Zz Atz‘
= 8 /
=
E’
'z _ 6
(?5 a 8+t ]
e e
7 = =
S S S 5
B Z 6 <
- - 5
% = =4
© ©
c 44 c
S 33
C>51 -»-NLTPFA g\ -o-NLTPFA
< 2+ =+ AvgMPFA < == MPFA-L
4-Box % MPFA-O
p-;—.—-—-f""" o= TPFA o -e-TPFA
0 ! ! | 1 I I |
1 2 3 4 1 2 3 4
setting setting

Condition number influences iterative solver behavior

June 1st, 2016 OPM Meeting 39



Institute for Modelling Hydraulic and Environmental Systems

University of Stuttgart

Germany

Dept. of Hydromechanics and Modelling of Hydrosystems

Comparison of different schemes

BiCGStab solver with ILUn preconditioning

()
E 5
= x 10
5 1.4°¢
2
4 1.3
=
S Y e
g S S 1.2
8 S ]
3 ° 3 0 1.1
S ~»-NLTPFA o
= B 55| -+—AvgMPFA - 1
% § -6-Box §
5 | &TPRA 0.9
© ©
815l £0.8 -o-NLTPFA
- o— — = -+~ MPFA-L
11 -— . 0.7 MPFA-O
—o— 0 ' -©-TPFA
0.5 ! ! ] 0.6 I I ]
1 2 3 4 1 2 3 4
setting setting
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Properties of NLTPFA

« second order accuracy for pressure, first order for flux (numerical results)

e monotonicity
« handling of complex grids like corner-point grids

 NLTPFA behaves better than corresponding linear scheme (AvgMPFA)

www.hydrosys.uni-stuttgart.de

* |inear and nonlinear solvers behave similar to linear schemes

June 1st, 2016 OPM Meeting 41
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More complex example

Compressible two-phase two-component nonisothermal (2p2cni) flow
equations:

Mass balance:

8(2(1 Qmol,axgsoz) X kra
qb ot o ; div Lo Omol,aL 4 Qag)
- Z div {Tquanol, —q" =0, k € {COg, Brine}.
Energy balance:

8 aU&Sa a SCST .
¢ = gt ) (1-¢) Qat N dw
. kroz h
—Zdw . Oahe —0a9) ¢ —q" = 0.

June 1st, 2016 OPM Meeting 42
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Numerical Examples

_ —19 _
Setting: k=10 —0.000

Simulation Time:

~6.3 years
CO,
Injecti
< 200 m g
Unstructured Grid: Cell Areas:

N
>

-
>
‘-‘.‘

Ga'al
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Solution of NLTPFA

After grid refinement, ~60000 cells

b

[<B)
®)
e
@®©
o)
e

=)
+—
iy
=
=

n
s
n
(@)
S
©

1.27e+07

1.24e+07

1.20e+07

MIHIIIIIIHM

1.16e+07
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0 dromecha and Mode g O dro s § : 0 g3

Adaptive Grid

TPFA: NLTPFA:

0.839

|
(]
n
(@]
~J
il
o
n
a
0

0.280

0.00
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Properties of NLTPFA

« second order accuracy for pressure, first order for flux (numerical results)

e monotonicity
« handling of complex grids like corner-point grids

 NLTPFA behaves better than corresponding linear scheme (AvgMPFA)

www.hydrosys.uni-stuttgart.de

* Jinear and nonlinear solvers behave similar to linear schemes

« (straight forward) applicability for physically complex nonlinear equations
(2p2cni)

June 1st, 2016 OPM Meeting 46
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Conclusion

second order accuracy for pressure, first order for flux (numerical results)

e monotonicity

« handling of complex grids like corner-point grids

NLTPFA behaves better than corresponding linear scheme (AvgMPFA)

linear and nonlinear solvers behave similar to linear schemes

(straight forward) applicability for physically complex nonlinear equations
(2p2cni)
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Conclusion

« second order accuracy for pressure, first order for flux (numerical results)

¢ monotonicity
« handling of complex grids like corner-point grids

 NLTPFA behaves better than corresponding linear scheme (AvgMPFA)

www.hydrosys.uni-stuttgart.de

* Jinear and nonlinear solvers behave similar to linear schemes

« (straight forward) applicability for physically complex nonlinear equations
(2p2cni)
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Implementation in DuMu*

dumux-stable:
Box and TPFA method for fully-implicit porous media flow

current development:

» Unification of finite volume schemes for fully-implicit models (linear and
nonlinear schemes)

www.hydrosys.uni-stuttgart.de

« Schemes differ in face stencil classes, which provide iterators for flux
calculation or matrix assembly

« Generalization of fvGeometry, fluxVars, ... classes, to be able to handle grids
like corner-point grids (dynamic implementation)

« Models independent of discretization
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Thank you very much! A\ put
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